Abstract. Let R be a ring with an identity and for each x ∈ SN (R) = {x ∈ R|x / ∈ N (R)} and y ∈ R, (xy) k = x k y k for three consecutive positive integers k. It is shown in this note that R is a commutative ring, which generalizes the known theorem belonging to Ligh and Richoux.
Introduction
Starting from 1950, the topic of commutativity of associative rings has been studied by many authors. In [2] , Pinter-Lucke introduced in details these works.
In [1] , it is shown that if R is a ring with an identity and for each x, y ∈ R, (xy) k = x k y k for three consecutive positive integers k, then R is a commutative ring. The purpose of this note is to generalize this result.
Throughout this article, all rings considered are associative with an identity, the symbols Z(R) and N (R) will stand respectively for the center of R and the set of all nilpotent elements. Let R be a ring and write SN (R) = {x ∈ R|x / ∈ N (R)}.
Theorem 1.1. If R is a ring satisfying (xy) k = x k y k for each x ∈ SN (R), y ∈ R and k = n, n + 1, n + 2, where n is a positive integer, then R is commutative.
Proof. Let x, y ∈ R. If x ∈ N (R), then 1 + x ∈ SN (R). By hypothesis, we have the following equation for k = n, n + 1, n + 2
Since 1 + x is invertible, simplify, to get
Multiply (1.2) on the right by (1 + x)y, keeping in mind the identity (1.3), it follows that (1.5) y n xy = xy n+1 .
Similarly, using (1.3) and (1.4), one gets (1.6) y n+1 xy = xy n+2 .
Multiply (1.5) on the left by y, from the identity (1.6), eventually one gets
, by hypothesis, for k = n, n + 1, n + 2, one gets
, then x is invertible, hence one obtains
Using the equations (1.9)-(1.11), employing the same technique used to get (1.7) from (1.2)-(1.4), one also obtains (1.12) (yx − xy)y n+1 = 0.
If 1 + x / ∈ N (R), then by hypothesis, one gets
Multiply (1.13) on the right by (1 + x)y and combine (1.14), one obtains
Similarly, by the equations (1.14) and (1.15), it follows that
Similarly, the equation (1.8) implies the following identities
Multiply (1.16) on the left by x n−1 and expand (1 + x) n by the binomial theorem, keeping in mind the identity (1.18); it follows that (1.20)
Multiply (1.16) on the left by x n−2 and expand (1 + x) n , keeping in mind the identity (1.18) and (1.20); it follows that (1.21) x n−2 (y n x − xy n )y = 0 continue the above process, eventually one gets
Similarly, by the equations (1.17) and (1.19), one can obtain
This gives yxy n+1 = y n+1 xy = xy n+2 , that is (1.24) (yx − xy)y n+1 = 0.
Combine the equations (1.7), (1.12) and (1.24), one obtains that for each x, y ∈ R, the following identity holds ( Thus R is commutative.
Corollary 1.2 ([1]).
If R is a ring satisfying the identities (xy) k = x k y k , k = n, n + 1, n + 2, where n is a position integer, then R is commutative.
